Rules for integrands involving product logarithm functions

1. ju (c ProductLog[a + b x])Pdx
1. J(c ProductLog[a + bx])P dx

1: J(c ProductLog[a + b x])Pdx when p< -1

Rule: If p < -1, then

(a+bx) (cProductLog[a+bx])P p J(c ProductLog[a + b x])P*? a
+ X

j(c ProductLog[a + bx])Pdx —

b (p+1) c(p+1) 1 + ProductLog[a + b x]

Program code:

Int[ (c_.*ProductLog[a_.+b_.*x_])”"p_,x_Symbol] :=

(a+bxx) * (cxProductLog[a+bxx])*p/ (bx (p+1)) +

p/ (cx (p+1) ) *Int[ (cxProductLog[a+bxx])~ (p+1) / (1+ProductLog[a+bxx]),x] /;
FreeQ[{a,b,c},x] && LtQ[p,-1]



Rules for integrands involving product logarithm functions

2: J(c ProductLog[a + bx])Pdx when p ¢ -1

Derivation: Integration by parts

Rule: If p «+ -1, then

a+bx) (cProductLog[a+bx])P c ProductLog[a + bx])P
‘J\(cProductLog[a+bx])pd1x_> (a+bx) ( gla+bx]) B J( gla+bx]) dx

b 1 + ProductLog[a + b x]

Program code:

Int[ (c_.*ProductLog[a_.+b_.*x_])”"p_.,x_Symbol] :=

(a+bxx) * (cxProductLog[a+bxx])~p/b -

p*Int[ (cxProductLog[a+bxx])”~p/ (1+ProductLog[a+bxx]),x] /;
FreeQ[{a,b,c},x] &% Not[LtQ[p,-1]1]

2: j(e +fx)" (cProductLog[a +bx])Pdx when mez*

Derivation: Integration by substitution
Rule: If m e z*, then

1
J(e +fx)" (cProductlLog[a +bx])Pdx — —— Subst [J(c ProductLog[x])P ExpandIntegrand[(be-af+fx)", x] dx, x, a+b x]
b +

Program code:

Int[(e_.+f_.#x_)m_.*(c_.*Productlog[a_+b_.xx_])"p_.,x_Symbol] :=
1/b~ (m+1) »Subst [Int [ExpandIntegrand| (cxProductLog[x])"p, (bxe-axf+fxx)~m,x]|,x],x,a+bxx] /;
FreeQ[{a,b,c,e,f,p},x] && IGtQ[m,0]



Rules for integrands involving product logarithm functions

2. fu (c ProductLog[ax"])” dx
1. f(c ProductLog[ax"])® dx

1: j(c ProductLog[ax"])Pdx whenn (p-1) = -1 Vv (p—%ez An(p- %) =-1)

Derivation: Integration by parts

Rule:if n (p-1) = -1V (p-3€Z An(p-3)=-1),then

(cProductLog[ax"])”
j(c ProductLog[ax"])?dx — x (cProductLog[ax"])?-n pJ dx
1+ ProductLog[ax"]

Program code:

Int[ (c_.*ProductLog[a_.*x_"n_])"p_.,Xx_Symbol] :=
X* (cxProductLog[a*x*n])”p -
nxpxInt[ (cxProductLog[a*x"n])~*p/ (1+ProductLog[a*x"n]) ,x] /;
FreeQ[{a,c,n,p},x] && (EqQ[n*(p-1),-1] || IntegerQ[p-1/2] && EqQ[n=x (p-1/2),-1])



Rules for integrands involving product logarithm functions

2: J-(c ProductLog[ax"])?dx when (pez A n (p+1) =-1) v (p—%ez An(p+ %) = -1)

Rule:If (pezZ An(p+1)=-1) VvV (p-2ez An(p+3)=-1),then

(cProductLog[ax"]) P+l
1+ ProductLog[a x"]

x (cProductLog[ax"])? . np J~ x

J(c ProductLog[ax"])?dx —
np+1 c(np+1)

Program code:

Int[ (c_.*ProductLog[a_.*x_"n_])"p_.,x_Symbol]

X* (cxProductLog[a*x"n])*p/ (nxp+1) +
nxp/ (Cx (nxp+1) ) *Int [ (cxProductLog[a*x"n]) " (p+1) / (1+ProductLog[a*x*n]),x] /;

FreeQ[{a,c,n},x] && (IntegerQ[p] && EqQ[n=x (p+1),-1] || IntegerQ[p-1/2] && EqQ[n* (p+1/2),-1])

3: J(c ProductLog[ax"])” dx when nez-

Derivation: Integration by substitution

Basis: Jﬂx] dx == —Subst{ %;]d]x, X, ﬂ

Rule: If n € Z7, then
(cProductLog[ax™])”

J(c ProductLog[ax"])?dx — —Subst[J 2

1
dx, X, —]
X

Program code:

Int[ (c_.*ProductlLog[a_.*x_"n_])"p_.,x_Symbol]
-Subst[Int[ (cxProductLog[axx”(-n)]) p/x"2,x],x,1/x] /;

FreeQ[{a,c,p},x] && ILtQ[n,0]



Rules for integrands involving product logarithm functions

2. Jx"‘ (cProductLog[ax"])® dx

1: Jx"‘ (cProductLog[ax"])”dx whenmy -1 A (p—%ez A2 (p+"'n;1) €ezZ* Vv p—%ez ADp+ '";1 +lez*)

Derivation: Integration by parts

Rule:ifm# -1 A (p-2ezn2(p+™t)ez"Vp-2¢zZ Ap+™L+1ez),then

dx

x™* (cProductLog[ax"])® np J~x'“ (cProductLog[ax"])”

Jx“‘ (cProductLog[ax"])?dx —

m+1 m+1 1+ ProductLog[a x"]

Program code:

Int[x_"m_.*(c_.*ProductLog[a_.*x_"n_.])"p_.,x_Symbol] :=
X" (m+1) * (cxProductLog[a*x*n])~p/ (m+1) -
nxp/ (m+1) *Int [x*m* (cxProductLog[a*x”n])*p/ (1+ProductLog[a*x*n]),x] /;
FreeQ[{a,c,m,n,p},x] && NeQ[m,-1] &&
(IntegerQ[p-1/2] & IGtQ[2+Simplify[p+(m+1)/n],8] || Not[IntegerQ[p-1/2]] & IGtQ[Simplify[p+(m+1)/n]+1,0])



Rules for integrands involving product logarithm functions

2: Jx’" (cProductLog[ax"])?dx whenm== -1 v (p—%ez A p+"';—1—%eZ‘) v (p—%$z A p+%eZ‘)

Rule:ifm=-1v (p-JezAap+™t-2ecz )V (p-2¢ZAp+™Lez),then

dx

x™* (c ProductLog[ax"])® np jx’" (cProductLog[ax"])
+

Jx“‘ (cProductLog[ax"])?dx — =+ Productioga ']

m+np+1 c(m+np+1)

Program code:

Int[x_"m_.*(c_.*ProductLog[a_.*x_"n_.])"p_.,x_Symbol] :=
X" (m+1) * (cxProductLog[a*x~n])~*p/ (m+n*xp+1) +
nxp/ (Cx (m+n*p+1) ) *Int [Xx*m* (cxProductLog[a*x”n] )~ (p+1) / (1+ProductLog[a*x"n]),x] /;

FreeQ[{a,c,m,n,p},Xx] &&
(EaQ[m,-1] || IntegerQ[p-1/2] && ILtQ[Simplify[p+(m+1)/n]-1/2,0] || Not[IntegerQ[p-1/2]] & ILtQ[Simplify[p+(m+1)/n],@])

3: | x" (cProductLog[ax])Pdx

Derivation: Algebraic simplification

HP. 1 z
Basis: 1 == T T 1,

Rule:

x™ (c ProductLog[a x])P 1 ~x" (cProductLog[ax])P*!
dx + — J dx

jx’" (c ProductLog[ax])Pdx — J.

1 + ProductlLog[a x] C 1 + ProductLog[a x]

Program code:

Int[x_”"m_.*(c_.*ProductlLog[a_.*x_])”p_.,x_Symbol] :=
Int [x*m* (cxProductLog[a*x])~p/ (1+ProductLog[a*x]),x] +
1/c*Int[x*m* (cxProductLog[a*x])” (p+1) / (1+ProductLog[a*x]),x] /;
FreeQ[{a,c,m},Xx]



Rules for integrands involving product logarithm functions

4: J-x"‘ (cProductLog[ax"])’dx whennez-Amez A m#-1

Derivation: Integration by substitution
X2

Basis:Jﬂx] dx == —Subst{ ﬂdlx, X, ﬂ

Rule:lf nezZ-AmeZ A m# -1,then

(cProductLog[ax™"])”

fx’" (cProductLog[ax"])?dx — —Subst[f

m+2

1
dx, X, —]
X X

Program code:

Int[x_"m_.*(c_.*ProductlLog[a_.*x_"n_])”p_.,x_Symbol] :=

-Subst [Int[ (c*ProductLog[axx” (-n)])p/x" (m+2),x],Xx,1/x] /;
FreeQ[{a,c,p},x] && ILtQ[n,0] && IntegerQ[m] && NeQ[m,-1]

u
3. j dx
d + d ProductLog[a + b x]
1
1: J dx
d + d ProductLog[a + b x]

Rule:

1 a+bx
J dx —
d + d ProductLog[a + b x] b d ProductLog[a + b x]
Program code:

Int[1/ (d_+d_.*ProductLog[a_.+b_.*x_]),x_Symbol] :=
(a+bxx) / (bxdxProductLog[a+bxx]) /;
FreeQ[{a,b,d},x]



Rules for integrands involving product logarithm functions

2 ProductLog[a + b x]P
) Jd +d ProductLog[a + b x]

ProductLog[a + b x]°
J dx when p >0

d + d ProductLog[a + b x]

1: ProductlLog[a + b x]
’ Jd +dProductLog[a + b x]

Derivation: Algebraic simplification

e _Z 1
Basis: 1+z 1+z

Rule:

ProductlLog[a + b x] 1
dx — dx- j
d + d ProductLog[a + b x] d + d ProductLog[a + b x]

dx

Program code:

Int[ProductLog[a_.+b_.*x_]/(d_+d_.*ProductLog[a_.+b_.*x_]),x_Symbol] :=
dxx - Int[1/ (d+d*ProductLog[a+bxx]),x] /;
FreeQ[{a,b,d},Xx]



Rules for integrands involving product logarithm functions

c ProductLog[a + bx])P
2: j( glax+bxl) dx when p >0

d + d ProductLog[a + b x]

Rule: If p > 0, then

(c ProductLog[a + bx])P c (a+bx) (cProductLog[a +bx])P? (c ProductLog[a + b x])P-?
J dx — -Ccp -J- dx

d + d ProductLog[a + b x] bd

Program code:

d + d ProductLog[a + b x]

Int[ (c_.*ProductlLog[a_.+b_.*x_])”~p_/ (d_+d_.xProductLog[a_.+b_.*x_]),x_Symbol] :=

c* (a+bxx) * (cxProductLog[a+bxx] )~ (p-1) / (bxd) -
cxpxInt[ (cxProductLog[a+bxx])” (p-1) / (d+d*ProductLog[a+bxx]),x] /;
FreeQ[{a,b,c,d},x] & GtQ[p,0]

ProductLog[a + b x]P

. dx when p<©
d + d ProductLog[a + b x]

1
1: J dx
ProductLog[a + bx] (d + d ProductLog[a + b x])

Rule:

1
J dx —
ProductLog[a + bx] (d + d ProductLog[a + b x])

Program code:

Int[1/ (ProductLog[a_.+b_.*x_]=* (d_+d_.=*ProductLog[a_.+b_.*x_])) ,x_Symbol]
ExpIntegralEi[ProductLog[a+bxx]]/(bxd) /;
FreeQ[{a,b,d},x]

ExpIntegralEi[ProductLog[a + b x]]

bd



Rules for integrands involving product logarithm functions

1
2, J. dx
Sgrt[c ProductLog[a + bx]] (d + dProductLog[a + b x])
1: !
. qur‘t [c ProductLog[a + bx]] (d + dProductLog[a + b x])

dx when c >0

Rule: If ¢ > 0, then

1
j dx —
Sqrt[c ProductLog[a + bx]] (d+dProductLog[a +bx])

Program code:

bcd

Int[1/ (Sqrt[c_.*ProductLogl[a_.+b_.*x_]]+(d_+d_.*ProductLog[a_.+b_.*x_])),x_Symbol] :=

Rt [Pixc,2] *Erfi[Sqrt[c+ProductLog[a+b*x]]/Rt[c,2]]1/(bxcxd) /;
FreeQ[{a,b,c,d},x] && PosQ[c]

1
2: J dx when c<©
Sgrt[c ProductLog[a + bx]] (d + dProductLog[a + b x])

Rule: If ¢ < 0, then

1
j dx —
Sqrt[c ProductLog[a + bx]] (d +dProductLog[a + b x])

Program code:

V-mc

rfi |

Ve ProductlLog[a + b x]

Ve

Ve ProductlLog[a + b x]

bcd

Int[1/ (Sqrt[c_.*ProductLog[a_.+b_.*x_]]*(d_+d_.*ProductLog[a_.+b_.*x_]1)),x_Symbol] :=

Rt[—Pi*c,z]*Erf[Sqrt[c*ProductLog[a+b*x]]/Rt[—c,2]]/(b*c*d) /8
FreeQ[{a,b,c,d},x] && NegQ[c]

Erf[

Ve

]

]
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Rules for integrands involving product logarithm functions

c ProductLog[a + bx])P
3: j( glax+bxl) dx when p< -1

d + d ProductLog[a + b x]

Rule: If p < -1, then

(c ProductLog[a +bx])P (a+bx) (cProductLog[a+bx])P 1 (c ProductLog[a + b x])P*?
j dx — J dx

d + d ProductlLog[a + b x] bd(p+1) c(p+1) d + d ProductLog[a + b x]

Program code:

Int[ (c_.*ProductlLog[a_.+b_.*x_])”~p_/ (d_+d_.xProductLog[a_.+b_.*x_]),x_Symbol] :=
(a+bxx) * (cxProductLog[a+bxx])~p/ (bxd* (p+1)) -
1/ (c* (p+1) ) *Int [ (cxProductLog[a+b*x]) " (p+1) / (d+dxProductLog[a+bxx]),x] /;
FreeQ[{a,b,c,d},x] && LtQ[p,-1]

) (c ProductLog[a + bx])P

dx
d + d ProductLog[a + b x]

Rule:

(c ProductLog[a + bx])P 4 Gamma[p + 1, -ProductLog[a + bx]] (c ProductLog[a +bx])P
X —
Jd+dPr‘oductLog[a+bx] bd (-ProductLog[a +bx])P

Program code:

Int[ (c_.*ProductLog[a_.+b_.*x_])”p_./(d_+d_.*ProductLog[a_.+b_.*x_]) ,x_Symbol] :=
Gamma [p+1, -ProductLog[a+b*x] ] (cxProductLog[a+bxx]) p/ (b*d* (-ProductLog[a+bxx])"p) /;
FreeQ[{a,b,c,d,p},X]

11



Rules for integrands involving product logarithm functions

(e+fx)"
3: f dx when me z*
d + d ProductLog[a + b x]

Derivation: Integration by substitution

Rule: If m e z*, then

(e+Fx)" 1 1 m
J. dx — —Subst[j ExpandIntegrand[ (be-af+fx)", x] dx, x, a+bx]
d + d ProductLog[a + b x] bt d + d ProductLog[x]

Program code:
Int[(e_.+f_.#«x_)~m_./(d_+d_.+ProductLog[a_+b_.*x_]),x_Symbol] :=

1/b”~ (m+1) »Subst [Int [ExpandIntegrand[1/ (d+dxProductLog[x]), (bxe-axf+fxx)~m,x],x],x,a+b*x] /;
FreeQ[{a,b,d,e,f},x]| && IGtQ[m,0]

dx when me z*

4 (e+fx)" (cProductLog[a +bx])P
- J d + d ProductLog[a + b x]

Derivation: Integration by substitution

Rule:If m e z*, then

(e+fx)" (cProductLog[a +bx])P 1 (c ProductLog[x])P
j a Subst[j

X —
d + d ProductLog[x]

4+ dProductiog (2 + bx] e ExpandIntegrand[ (be-af+fx)", x] dx, x,a+bx]
+ roductLog[a + b x *

Program code:

Int[(e_.+f_.#x_)~m_.+(c_.+ProductLog[a_+b_.+x_])"p_./(d_+d_.*ProductlLog[a_+b_.+x_]),x_Symbol] :=
1/b”~ (m+1) »Subst [Int [ExpandIntegrand [ (cxProductLog[x])~p/ (d+dxProductLog[x]), (bxe-axf+fxx)"m,x],x],x,a+b*x] /;
FreeQ[{a,b,c,d,e,f,p},x] & IGtQ[m,0]

12



Rules for integrands involving product logarithm functions

u

4. j dx
d +dProductLog[ax"]

1
1: J dx when nez~
d + d ProductLog[a x"]

Derivation: Integration by substitution

Basis: Jf[x] dx == —Subst{ %‘i dx, X,

X =
[E—1

Rule:If n € z7, then

1 1
J~ dx — SubstU. dx, X, —]
d + d ProductLog|a x"] (d + d ProductLog[ax™"]) X

Program code:

Int[1/ (d_+d_.*ProductLog[a_.*x_“n_]),x_Symbol] :=
-Subst[Int[1/ (x*2* (d+dxProductLog[a*x*(-n)1)),x],Xx,1/x] /;
FreeQ[{a,d},x] && ILtQ[n,0]

13



Rules for integrands involving product logarithm functions

ProductL "1)P
Z.J(c roductLog[ax"]) x

d + dProductLog[ax"]

] (cProductLog[ax"])”
) jd +dProductLog[a x"]

Rule:lf n (p-1) = -1,then

Program code:

dx whenn (p-1) =

= -1

(cProductLog[ax"])?

d +dProductLog[ax"]

dx —

cx (cProductLog[ax"]

d

)"

Int[ (c_.*Productlog[a_.*x_"n_.])"p_./(d_+d_.*ProductLog[a_.*x_"n_.]),x_Symbol] :=

cxX* (cxProductLog[a*x”n])~ (p-1) /d /;
FreeQ[{a,c,d,n,p},x] && EqQ[n=*(p-1),-1]

s ProductLog[ax"]®
- Jd +dProductLog|a x"]

Rule:lf peZ A np == -1,then

dx whenpezZ A np=-1

J- ProductLog[ax"]®

d + d ProductLog[a x"]

Program code:

aP ExpIntegralEi[-p ProductLlog[a x"]]

dx —

dn

Int[ProductLog[a_.*x_"n_.]”~p_./(d_+d_.*ProductLog[a_.*x_"n_.]),x_Symbol] :=
a”p*ExpIntegralEi[-pxProductLog[a*x"n] ]/(d*n) /5
FreeQ[{a,d},x] && IntegerQ[p] && EqQ[nxp,-1]

14



Rules for integrands involving product logarithm functions

ProductL "1)°
4. (c ProductLog[ax"]) dx when ez Ap=2_2
d + dProductLog[ax"] ! o
1: (CPrOdUCtLOg[axn])pd]x when ez Ap=>-%Acn>e0
" Jd+d ProductLog[a x"] ! s

Rule:If ez A p= -2 Acn>0,then

\/c ProductLog[a x"]

Erfi[

v[\(c ProductLog[ax"])” x Vrcn
o, —vren

d +dProductLog[ax"] dnal/nci/n

Ven

Program code:

Int[ (c_.*ProductlLog[a_.*x_"n_.])"p_/(d_+d_.*ProductlLog[a_.*x_"n_.]),x_Symbol] :=
Rt [Pi*c*n,z]/(d*n*a"(l/n) *C”(1/n)) *Erfi[Sqrt[cxProductLog[axx*n]]/Rt[cxn,2]] /;
FreeQ[{a,c,d},x] && IntegerQ[1/n] &&% EqQ[p,1/2-1/n] &&% PosQ[c*n]

¢ ProductLog[ax"])?
Z:I( g[ax"]) dlxwhenleZAp==§—lAcn<e
d + d ProductLog[a x"] 8 8
Rule:lf%eZA ::%—%Acn<0,then

\/c ProductLog[a x"]

J(c ProductLog[ax"])” x A -xcn
_

d + d ProductLog[a x"| dnal/nc/n [ cn

Program code:

Int[ (c_.*ProductlLog[a_.*x_"n_.])"p_/(d_+d_.*ProductlLog[a_.*x_"n_.]),x_Symbol] :=
Rt[—Pi*c*n,z]/(d*n*a"(l/n)*c"(1/n))*Er'f[Sqr't[c*ProductLog[a*x"n]]/Rt[—c*n,Z]] /3
FreeQ[{a,c,d},x] && IntegerQ[1/n] &% EqQ[p,1/2-1/n] && NegQ[c*n]

]

]

15



Rules for integrands involving product logarithm functions

5. J« (c ProductLog[ax"])®

dx whenn>@ An(p-1) +1>0
d +dProductLog[ax"]

Rule:lf n>0 A n (p-1) +1 > 0,then

(cProductLog[ax"])” ¢ x (cProductLog[ax"]) p-1 (cProductLog[ax"]) p-1
dx — —c(n(p—1)+1)J dx
Jd +dProductLog[a x"] d d + d ProductLog[a x"|

Program code:

Int[ (c_.*ProductLog[a_.*x_"n_.])"p_./(d_+d_.*ProductLog[a_.*x_"n_.]),x_Symbol] :=
c*xX* (cxProductLog[a*x*n])~ (p-1)/d -
c* (nx (p-1) +1) *Int [ (cxProductLog[a*x”n]) " (p-1) / (d+d*ProductLog[a*x*n]) ,x] /;
FreeQ[{a,c,d},x] && GtQ[n,0] && GtQ[nx (p-1)+1,0]

ProductL "1)°P
G:J(C roductiog|a X)) dx whenn>@ A np+1<0

d + dProductLog[ax"|

Rule:lf n>0 A np+1<0,then

dx —
d + d ProductlLoga x"] d(np+1) c(np+1)

J (c ProductLog[ax"])? x (cProductLog[ax"])? 1 J (cProductLog[ax"]) P+l
- dx

d + d ProductLog|a x"]

Program code:

Int[ (c_.*ProductLog[a_.*x_"n_.])"p_./(d_+d_.*ProductLog[a_.*x_"n_.]),x_Symbol] :=
X* (cxProductLog[a*x"n])~p/ (d* (nxp+1)) -
1/ (c* (nxp+1) ) *Int [ (cxProductLog[a*x”n] )" (p+1) / (d+d*ProductLog[a*x*n]),x] /;
FreeQ[{a,c,d},x] &% GtQ[n,0] & LtQ[nxp+1,0]
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Rules for integrands involving product logarithm functions

dx whennez-

. (cProductLog[ax"])?
. Jd +dProductLog[a x"]

Derivation: Integration by substitution
: flT
Basis: [f[x] dx = Subst{ —E(;i dx, X, ﬂ

Rule: If n € Z7, then

c ProductLog[ax"])”

J- (cProductLog[ax"])®

d + dProductLog[a x"] d +dProductLog[ax™"])

Program code:

Int[ (c_.*ProductlLog[a_.*x_"n_])”p_./(d_+d_.*ProductlLog[a_.*x_"n_]),x_Symbol] :=
-Subst [Int[ (cxProductLog[axx”(-n)])"p/ (x 2% (d+dxProductLog[a*x*(-n)])),x],X,1/x] /;
FreeQ[{a,c,d,p},x] && ILtQ[n,0]

m

x
3. J dx
d + d ProductLog[a x]

m

X
1: J dx whenm>0
d + d ProductlLog[a x]

Rule: If m > 9, then

dx — —Subst[j ZE dx
X

1
s X, _]
X

XM xm+1 m XM
J dx — - J
d + d ProductLog[a x] d (m+ 1) ProductLog[ax] m+1 J ProductLog[ax] (d+dProductLog[ax])

Program code:

Int[x_"m_./(d_+d_.*ProductLog[a_.*x_]),x_Symbol] :=

X~ (m+1) / (d* (m+1) *ProductLog[axx]) -

m/ (m+1) *Int [x*m/ (ProductLog[axXx] * (d+d*ProductLog[a*x])),x] /;
FreeQ[{a,d},x] && GtQ[m,0]

dx
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Rules for integrands involving product logarithm functions 18

Xm
2, J- dx whenm< @
d + d ProductLog[a x]

1
1: J dx
x (d + dProductLog[a x])

Rule:

dx —
X (d + d ProductLog[a x]) d

J- 1 Log[ProductLog[a x] ]

Program code:

Int[1/ (x_»(d_+d_.*ProductLog[a_.*x_])),x_Symbol] :=
Log [ProductLog[axx]]/d /;
FreeQ[{a,d},x]

X
2: J dx whenm< -1
d + d ProductlLog[a x]

Rule: If m < -1, then

xm+1 x" ProductLog[a x]
J dx

Xm
J\ dx — -
d + d ProductLog[a x] d((m+1) d + d ProductLog[a x]

Program code:

Int[x_"m_./(d_+d_.*ProductLog[a_.*x_]),x_Symbol] :=
X~ (m+1) / (d* (m+1) ) -
Int [x*m*ProductLog[axx] / (d+dxProductLog[a*x]),x] /;
FreeQ[{a,d},x] && LtQ[m,-1]



Rules for integrands involving product logarithm functions

Xm
3:J dx when m ¢ z
d + d ProductLog[a x]

Rule: If m ¢ Z, then

m

X x" Gamma[m+ 1, - (m+ 1) ProductLog[a x]]
j dx —

d + d ProductLog[ax] ad (m+ 1) enProductloglaxl (_(m 4+ 1) ProductLogfax])™

Program code:

Int[x_"m_./(d_+d_.xProductLog[a_.*x_]),x_Symbol] :=
X*m+Gamma [m+1, - (m+1) *ProductlLog[axx]]/
(axdx (m+1) *E~ (mxProductLog[a*Xx]) * (- (m+1) *ProductLog[a*x])” m) /;
FreeQ[{a,d,m},x] && Not[IntegerQ[m]]

m

a. j - dx
d + dProductLog[a x"]
1
1: J.
x (d +dProductLog[ax"])

dx

Rule:

dx —
d + dProductLog[ax"]) dn

1 Log[ProductLog[a x"] ]
I

Program code:

Int[1/ (Xx_=* (d_+d_.*ProductLog[a_.*x_"n_.])),x_Symbol] :=
Log[ProductLog[a*x*n]]1/ (dxn) /;
FreeQ[{a,d,n},x]
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Rules for integrands involving product logarithm functions

Xm
Z:J dx whenmeZ A nezZ Am#-1
d + d ProductLog|a x"]

Derivation: Integration by substitution

1

Basis: J‘F[X] dx = _Subst{ ﬂxi dx, X, %}

X2

Rule:lf mezZ A nez A m# -1,then

m 1
J. X dx — -Subst [j
d + d ProductlLog|a x"] x™? (d +d ProductLog[ax™])

Program code:

Int[x_"m_./(d_+d_.*ProductLog[a_.*x_"n_]),x_Symbol] :=
-Subst [Int[1/ (X" (m+2) *» (d+d*ProductLog[a*x"(-n)])),x],Xx,1/x] /;
FreeQ[{a,d},x] && IntegerQ[m] && ILtQ[n,0] && NeQ[m,-1]

" (c ProductL n1)P
5 Jx (c ProductLog[ax"]) ix

d + d ProductLog|a x"]

ProductL n)P
. J« (cProductLog[ax"]) ix
X

(d +dProductLog[ax"])

Rule:

dx —

(cProductLog[ax"])? (cProductLog[ax"])?
Jx (d +dProductLog[ax"]) dnp

Program code:

Int[ (c_.*ProductLog[a_.*x_"n_.])"p_./ (x_=(d_+d_.*ProductLog[a_.*x_"n_.])),x_Symbol] :=
(cxProductLog[a*xx~n])~p/ (d*nxp) /;
FreeQ[{a,c,d,n,p},X]

1
dx, x, —]
X
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Rules for integrands involving product logarithm functions

" X" (c ProductLog[ax"])®
. J d + dProductLog[ax"]

dx whenm# -1

x" (c ProductLog[ax"])”
1:J dx whenm# -1 Am+n (p-1) ==-1

d +dProductLog[ax"]

Rule:lf m# -1 Am+n (p-1) = -1, then

dx —
d + d ProductLog[a x"] d (m+1)

-J-x'“ (c ProductLog [a x“] ) P ¢ x™?* (c ProductLog [a x"] ) p-1

Program code:

Int[x_"m_.*(c_.*ProductLog[a_.*x_"n_.])"p_./(d_+d_.*ProductlLog[a_.*x_"n_.]) ,x_Symbol] :=
cxXx” (m+1) * (cxProductLog[a*x"n])~ (p-1) / (d* (m+1)) /;
FreeQ[{a,c,d,m,n,p},x] && NeQ[m,-1] && EqQ[m+n=x (p-1),-1]

X" ProductLog[a x"]®
Z:J dx whenpezZ Am+np=-1

d + dProductLog[ax"]

Rule:lf pez A m+np = -1,then

dx —

x" ProductLog[ax"]® aP ExpIntegralEi[-p ProductLlog[a x"]]
Jd +dProductLoga x"] dn

Program code:

Int[x_~m_.+ProductlLog[a_.*x_"n_.]"p_./(d_+d_.*ProductLog[a_.*x_"n_.]),x_Symbol] :=
a”p*ExpIntegralEi[-pxProductLog[a*x"n] ]/(d*n) /5
FreeQ[{a,d,m,n},x] && IntegerQ[p] && EqQ[m+n=xp,-1]
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Rules for integrands involving product logarithm functions
™ (c ProductLog[ax"])” . .
dx whenm# -1 Ap-3€Z Am+n (p->)+1==0

]

X
3.\[
d + dProductLog[ax"|
x" (c ProductLog[ax"])®
1:J- ( g[ax"]) dlxwhenm;e-l/\p-%ezAm+n(p-§)==-1/\%>e
d + d ProductLog[a x"] Pz
Rule:lfm# -1 Ap-2ezZAam+n(p-32) =-1A -5 >0,then
P=3
x" (c ProductLog[ax"])® aPF P E c \/c ProductLog[a x"]
dx — Er'-F[
dn p-=
2 C

J d + dProductLog[ax"]

Program code:
Int[x_"m_.*(c_.*ProductlLog[a_.*x_"n_.])"p_/(d_+d_.*ProductlLog[a_.*x_"n_.]) ,x_Symbol]

a”(p-1/2) »c” (p-1/2) xRt [P:i.*c/ (p-1/2) ,2] *Erf[Sqrt[cxProductLog[a*x*n]]/Rt[c/ (p-1/2),2] ]/(d*n) /8
FreeQ[{a,c,d,m,n},x] && NeQ[m,-1] & IntegerQ[p-1/2] && EqQ[m+n=x (p-1/2),-1] && PosQ[c/ (p-1/2)]

™ (c ProductL n1)P
(¢ Productiog[ax]) dlxwhenm;E—lAp—ieZAm+n(p-

X
2: J
d + d ProductLog[a x"]
= -1 AN 5 < 0,then

ez Am+n (p-2)
\/c ProductLog[a x"] ]

Rule:if m# -1 A p- 2

Erfi[

X" (c ProductLog[ax"])®
dx —

J d + d ProductlLog[a x"]

/3

Program code:
Int[x_”"m_.*(c_.*ProductlLog[a_.*x_"n_.])"p_/(d_+d_.*ProductlLog[a_.*x_"n_.]) ,x_Symbol]

a”(p-1/2) xc” (p-1/2) xRt [—Pi*c/ (p-1/2) ,2] *Erfi[Sqrt[cxProductLog[a*x*n]]/Rt[-c/ (p-1/2),2] ]/(d*n)
FreeQ[{a,c,d,m,n},x] && NeQ[m,-1] && IntegerQ[p-1/2] && EqQ[m+n=x (p-1/2),-1] && NegQ[c/ (p-1/2)]



Rules for integrands involving product logarithm functions

x" (c ProductLog[ax"])”
4:J dx whenm#-1 Ap+ 2Ly
d + dProductLog[ax"| "
Rule:If m# -1 A p+ ™% > 1, then
X" (c ProductLog[ax"])® cx™* (cProductLog|a x"])p'1 c(m+n(p-1) +1) X" (cProductLog|a x"])p'1
dx — -
J d + d ProductLog[a x"] d (m+1) m+1 J d + dProductLog[a x"]

Program code:

Int[x_"m_.*(c_.*ProductLog[a_.*x_"n_.])"p_./(d_+d_.*ProductLog[a_.*x_"n_.]),x_Symbol] :=
c*xX” (m+1) * (cxProductLog[a*x"n]) " (p-1) / (d* (m+1)) -
c*x (Mm+nx (p-1) +1) / (m+1) *Int [x*m* (cxProductLog[a*xx~n] )~ (p-1) / (d+d*ProductLog[a*x"n]) ,x] /;
FreeQ[{a,c,d,m,n,p},x] && NeQ[m,-1] && GtQ[Simplify[p+(m+1)/n],1]

x" (c ProductLog[ax"])” .
5:f dx whenm#-1 Ap+™t<o
d + d ProductLog[a x"] "

Rule:lf m# -1 A p+ ™1 <9, then

n

dx —

" (cProductLog[ax"]) P+

x" (c ProductLog[ax"])® x™* (c ProductLog[ax"])" m+1 X
~J-d+dPr'oductLog[ax“] d(m+np+1) c(m+np+1)j

Program code:

Int[x_"m_.*(c_.*ProductLog[a_.*x_"n_.])"p_./(d_+d_.*ProductlLog[a_.*x_"n_.]),x_Symbol] :=
X~ (m+1) * (cxProductLog[a*x”"n])p/ (d* (m+nxp+1)) -
(m+1) / (c* (m+nxp+1) ) *Int [x*m* (cxProductLog[a*x*n] )~ (p+1) / (d+d*xProductLog[a*x"n]) ,x] /;
FreeQ[{a,c,d,m,n,p},x] && NeQ[m,-1] && LtQ[Simplify[p+(m+1)/n],@]

dx
d + d ProductLog|a x"]

dx
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Rules for integrands involving product logarithm functions

6: x™ (c ProductLog[a x])P
. j d + d ProductLog[a x]

dx whenm# -1

Rule: If m # -1, then

J-xm (c ProductLog[ax])P a x" Gamma[m+p + 1, - (m+ 1) ProductLog[a x]] (c ProductLog[ax])P
X —

d + dProductLog[a x] ad (m+ 1) e"Productloglax] (_(m 4+ 1) ProductLog[ax])™P

Program code:

Int[x_"m_.*(c_.*ProductLog[a_.*x_])”p_./(d_+d_.*ProductLog[a_.*x_]),x_Symbol] :=
X~m+Gamma [m+p+1, - (m+1) *ProductLog[a*Xx] ] * (cxProductLog[a*x])~p/
(axdx (m+1) *E~ (mxProductLog[a*x]) * (- (m+1) *xProductLog[a*x])~(m+p)) /;
FreeQ[{a,c,d,m,p},x] &% NeQ[m,-1]

x" (c ProductLog[ax"])®
7:J dx whenm# -1 AmMeZ A nez"

d + d ProductLog[a x"]

Derivation: Integration by substitution

1

Basis: J‘F[x] dx = —Subst{ ol dx, X, ﬂ

X2

Rule:lf m# -1 AmeZ A neZ,then

(cProductLog[ax™])”

X" (c Pr'oductLog[a x"] ) P 1
J dx — —Subst[J dx, X, —]
d + dProductLog[ax"] x™2 (d + d ProductLog[ax™"]) X

Program code:

Int[x_"m_.*(c_.*ProductLog[a_.*x_"n_.])"p_./(d_+d_.*ProductLog[a_.*x_"n_.]),x_Symbol] :=
-Subst [Int[ (cxProductLog[a*x”(-n)]) p/ (X" (m+2) * (d+d*ProductLog[a*x*(-n)])),x],X,1/x] /;
FreeQ[{a,c,d,p},x] && NeQ[m,-1] && IntegerQ[m] && LtQ[n,0]
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Rules for integrands involving product logarithm functions

5: jf[Pr‘oductLog[x]] dx

Author: Rob Corless 2009-07-10
Derivation: Legendre substitution for inverse functions

Basis: f [ProductLog[x] ] == (ProductlLog[z] + 1) eProductloglz] £1productLog[x]] ProductLog’ [z]

Rule:

jf[Pr‘oductLog[x]] dx — Subst[f(x+ 1) e* f[x] dx, X, Pr‘oductLog[x]]

Program code:

Int[u_,x_Symbol] :=

Subst[Int[SimplifyIntegrand[ (x+1) *E~x*SubstFor [ProductLog[x],u,x],x],x],x,Productlog[x]] /;
FunctionOfQ[ProductLog[x],u,Xx]
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